
Monte Carlo simulations of phase transitions of systems in nanoscopic
confinement

Kurt Binder a,∗, Jürgen Horbach a, Andrey Milchev b, Marcus Müller c, Richard Vink d

aInstitut für Physik, Johannes Gutenberg Universität, Mainz, 55099 Mainz, Staudinger Weg 7, Germany
bInstitut for Physical Chemistry, Bulgarian Academy of Sciences, 1113 Sofia, Bulgaria

cInstitut für Theoretische Physik, Universität Göttingen, Friedrich-Hund-Platz 1, 37077 Göttingen, Germany
dInstitut für Theoretische Physik II, Universität Düsseldorf, Universitätsstr. 1, 40225 Düsseldorf, Germany

Abstract

When simple or complex fluids are confined to ultrathin films or channels or other cavities of nanoscopic linear
dimensions, the interplay of finite size and surface controls the phase behavior, and may lead to phase transitions
rather different from the corresponding phenomena in the bulk. Monte Carlo simulation is a very suitable tool to clarify
the complex behavior of such systems, since the boundary conditions providing the confinement can be controlled
and arbitrarily varied, and detailed structural information on the inhomogeneous states of the considered systems is
available. Examples used to illustrate these concepts include simple Ising models in pores and double-pyramid-shaped
cavities with competing surface fields, where novel types of interface localization-delocalization phenomena occur
accompanied by “macroscopic” fluctuations, and colloid-polymer mixtures confined in slit pores. Finite size scaling
concepts are shown to be a useful tool also for such systems “in between” the dimensionalities.

Key words: phase transition; nanoscopic confinement; Monte Carlo simulation

1. Introduction

Nanoscopic confinement of fluids and solids has
received longstanding attention in condensed mat-
ter physics and materials science, and is particu-
larly relevant for nanotechnology (“lab on a chip”,
etc.). Such “nanosystems” are in between bulk mat-
ter and single atoms or molecules. As a consequence,
finite size and surface effects are important, all phys-
ical properties are often rather inhomogeneous, and
strong fluctuations may occur.

Analytical theories (typically of the “mean field”-
type) are in trouble when dealing with such sys-
tems. Computer simulation is the method of choice:
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one always deals with a nanosystem (containing typ-
ically 102 to 106 particles only); when describing
bulk matter one normally needs the (physically ar-
tificial) periodic boundary conditions. However, for
condensed matter under confinement, the confining
walls and the forces they exert are an explicit part
of the simulated model. In experiment, these bound-
ary conditions due to a wall often are incompletely
known, and subject to unwanted “dirt effects”. In
a simulation boundary effects can be perfectly con-
trolled, forces due to the boundaries can be varied at
will. Ideal conditions can be created, that are diffi-
cult to realize in experiments. Therefore, simulations
are ideal to elucidate the novel physical phenomena,
that nanoscopic confinement can cause. The insight
thus gained is helpful to interpret the more complex
phenomena that occur in the real world.

The “leitmotif” of this paper focuses on novel phe-
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nomena due to surface effects on ordering phenom-
ena and phase transitions, in the context of interfa-
cial effects between coexisting phases. Competition
between surface effects due to the walls of a con-
tainer and interfacial effects may arise for applica-
tions such as nanotubes for gas storage (depending
on the boundary conditions, the liquid may either
condense uniformly at the walls or only partially –
one may choose conditions that part of the walls fa-
vor the liquid and another part favors the gas). For
separation of binary (AB) mixtures in nanoscopic
cavities, selective adsorption of one component at
(part of) the walls may occur. However, these appli-
cation aspects are not within our focus. We rather
concentrate on the simulation techniques to deal
with such problems, and the corresponding compu-
tational needs.

2. A new type of phase transition: The Ising
model in a bipyramid geometry

The new phenomena due to competition between
surface and interfacial effects are easily exempli-
fied by the Ising model, with ferromagnetic nearest
neighbor exchange J(> 0) between spins Si(= ±1)
at lattice sites i, allowing also for a bulk field H and
a surface field (±Hs) that acts on the spins in the
surface planes only. So the Hamiltonian that is stud-
ied is

H = −J
∑

〈i,j〉bulk

SiSj − Js

∑

〈i,j〉surfaces

SiSj

−H
∑

i

Si −Hs

∑

i∈W1

Si + Hs

∑

i∈W2

Si . (1)

Here we take Js 6= J if both spins Si, Sj are in the
surface layers, and W1 denote the upper four trian-
gular surfaces of the bipyramid (Fig. 1), while W2

stands for the lower four surfaces [1,2]. While such
models with thin film geometry and uniform sign of
the surface field are standard for surface critical phe-
nomena [3,4] and capillary condensation [5–8], com-
peting boundary fields lead to interface localization-
delocalization transitions [9,10]. The Ising model is
isomorphic to a lattice gas model for the liquid-vapor
transition (spin down means a cell is taken by a fluid
particle while spin up means the cell is empty) or
for a binary (A,B) alloy, respectively.

Since in the limit where L diverges the sponta-
neous magnetization in Fig. 1 appears discontinu-
ously one might interpret this transition as a stan-
dard first order transition, but actually it is not, it
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Fig. 1. Ising ferromagnet on a simple cubic lattice whose
surfaces form a bipyramid (left) and resulting phase tran-
sitions in the limit where the linear dimension L diverges
(right), plotting the spontaneous magnetization ms(T ) ver-
sus temperature T . Signs (+,−) along the cross section of
the bipyramid (left upper part) or on the triangular projec-
tions of the surfaces in the top view (left lower part) refer to
the surface field, ±Hs. The basal plane of the bipyramid is
taken to be the (x, y) plane of the lattice. Measuring lengths
in units of the lattice spacing, each pyramid takes L planes
(with a single spin in the pyramid top), so the total linear
dimension of the bipyramid is 2L+1 (the extra lattice plane
accounts for the basal plane common to both pyramids). For
Tf (Hs) < T < Tcb, a spontaneous magnetization equal to
that of a bulk system, mb(T ), occurs within two oppositely
oriented domains of equal size, so the total magnetization
ms(T ) of the bipyramid remains zero. At T < Tf (Hs), how-
ever, the interface has moved towards one of the corners, and
now ms(T ) = mb(T ). The double arrow in the magnified
region indicates that the local fluctuations of the interface
between the domains extend over a correlation range ξ⊥.

rather is a limiting case of second order transition.
At a 2nd order transition, the susceptibility χ (de-
fined as χ = (∂m(T,H)/∂H)T for H → 0) diverges,

χ = Γ(L)(T − Tf (Hs))−γ , L →∞, (2)

where γ is a critical exponent, and Γ(L) the “critical
amplitude” [11]. Eq. (2) holds for the model in Fig. 1,
but there is one anomalous feature: normally, Γ(L →
∞) = Γ∞ (a finite constant), while here [1,2] Γ(L) ∝
L. Similarly, also the jump of ms(T ) at Tf (Hs) from
mb(T ) to zero comes about by a diverging amplitude
B(L) in the relation ms(T ) = B(L)(1−T/Tf (Hs))β ,
where β is the order parameter exponent [1,2]. How-
ever, in a system which is finite in all its linear dimen-
sions no sharp phase transition occurs, but rather
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Fig. 2. (a) Plot of the absolute value 〈|m|〉 of the magne-
tization per spin of the Ising bipyramid versus the surface
magnetic field Hs, for kBT/J = 4.0, H = 0, Js/J = 0.5, and
various linear dimensions L in the range 10 ≤ L ≤ 40. Inset
shows a log-log plot of the slope at the common intersection
point vs. L. The broken straight line indicates the theoret-
ical value [(2), see Ref. 2] of this slope. (b) Cumulants UL

[Eq. (3)] plotted vs. Hs, for various L. The arrow indicates
the theoretical value [17] of the universal cumulant intersec-
tion point. All lengths are measured in units of the lattice
spacing, and fields and temperatures in units of J .

the transition is rounded [12–14]. The results (Fig. 2)
nicely illustrate this fact [2]. Rather than varying T
at fixed Hs near Tf (Hs) {Fig. 1} it is more conve-
nient to vary Hs at fixed T {Hsc(T ) is the inverse
function of Tf (Hs) in the (Hs, T ) plane}. The cho-
sen temperature is about 12% below the bulk crit-
ical temperature (kBTcb/J ≈ 4.51 [16]). To locate
the transition in the limit L → ∞, the cumulant
intersection method [14,15] is used, with UL being
defined as

UL = 1− 〈m4〉/[3〈m2〉2]. (3)

The critical point must occur at the common inter-
section point of all the curves in Fig. 2b), from which
we can read off Hsc(T ) ≈ 0.76 (putting J ≡ 1, kB =
1). There are two unusual features in Fig. 2: also the
curves for 〈|m|〉 intersect at Hsc(T ); and the intersec-
tion point U∗ = UL(Hsc) = 0.2705 is the value pre-
dicted from the Landau-theory of phase transitions
[17]. Both features can be understood, concluding
from the theory of cone filling [18] that the height `0
of the interface above the lower corner (and hence
the magnetization m of the bipyramid) is the dom-
inating variable. One arrives [1,2] at a Landau-like
theory which implies for the distribution function
of the magnetization PL(m) in the volume V of the
bipyramid

PL(m) ∝ exp[−V fL(m)/kBT ], V = 8L3/3 (4)

with a free energy density fL(m) [note t = (Hs −
Hsc)/Hsc)]

fL(m) = r0tm
2/(2L) + um4/(4L3)−Hm , (5)

where r0, u are phenomenological coefficients. In
the standard Landau-theory in the bulk no L-
dependence of fL(m) would occur at all. From
Eq. (5) one recovers Eq. (2) with Γ(L) ∝ L, and
γ = 1. At the transition (t = 0) for H = 0 from
the distribution the L-dependence has completely
canceled out,

PL(m) ∝ exp[−2um4/(3kBT )] . (6)

Fig. 3 shows evidence for this anomalous behavior:
Eq. (6) implies that the range over which m fluctu-
ates remains macroscopic, it does not narrow down
as L →∞. This is very different from standard sec-
ond order transitions (the range over which PL(m)
is nonzero decreases as L−β/ν), ν being the corre-
lation length exponent. At a first order transition,
we have for L → ∞ a distribution with three delta
functions, PL(m) ∝ δ(m−mb)+ δ(0)+ δ(m+mb).

From Figs. 2, 3 and a detailed finite size scaling
analysis [2] it is evident that systematic corrections
to the asymptotic scaling are present (e.g., in Fig. 3
the surface fields chosen deviate systematically from
Hsc). Thus, large lattices would be desirable but this
was not possible, due to pronounced critical slowing
down. When one approaches Hsc, the interface in
the basal plane exhibits very slow fluctuations. Clus-
ter algorithms [16,19] which reduce critical slowing
down near Tcb and allow the study of larger systems
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Fig. 3. Probability distribution PL(m) of the magnetization
m of Ising bipyramids for kBT/J = 4, Js/J = 0.5, H = 0
and various choices of L with accompanying choices of Hs/J
for which a flat variation of PL(m) near m = 0 was expected
(these choices are quoted in the figure). Full curve shows the
theoretical variation, from Eq. (6), PL(m) ∝ exp(−am4),
with a = 2u/3kBT = 30.4 .

are not useful here, since T is distinctly below Tcb,
and also the large value Hsc prevents their applica-
tion. Thus, the standard single spin flip Metropo-
lis algorithm [19] had to be used! Also the Wang-
Landau algorithm sampling the energy density of
states would be very difficult here, most of the in-
ternal energy here is due to the spins in the bulk,
while the transition is controlled by a subtle balance
of surface- and interfacial energies. In fact, if the in-
terface is at a height `0 above the bottom (Fig. 1)
far below the basal plane, the free energy difference
relative to a state with no interface is

∆Fs = 4`20σ + 8`0σline − 4
√

2`20fs(Hs) . (7)

Here σ is the interfacial free energy per unit area
between coexisting domains in the bulk, σline is
the “line tension” (free energy cost of the line
where the interface hits the surface planes, per unit
length [20]), and fs(Hs) is the surface free energy
difference between domains oriented parallel and
antiparallel to the surface field. Geometrical factors
in Eq. (7) are for the opening angle α = 45◦ of
the bipyramid. Using thermodynamic integration
[2,19], Eq. (7) was verified: For Hs ≤ Hsc, we expect
fs(Hs) = fs(Hsc) + (Hs −Hsc)f ′s, and hence ∆σ/J
for L → ∞ and Hs near Hsc should be a straight
line, which intersects σ/J (which is independently
known [21] with high accuracy) precisely at Hsc.
The resulting estimate for Hsc (Fig. 4) agrees with
the finite size scaling estimate (Fig. 2).
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Fig. 4. Surface free energy difference ∆σ(Hs)/J plotted
vs. surface magnetic field Hs, as obtained from the sur-
face magnetization Ms via thermodynamic integration [2],

∆σ =
Hs∫
−Hs

Ms(H′
s)dH′

s. Linear dimensions L from L = 20 to

L = 100 are used, as indicated in the figure. The full straight
line shows the result [2] of an extrapolation to L → ∞.
Broken horizontal straight line marks the value [21] of the
interface tension σ/J of the Ising model at kBT/J = 4.
The inset shows the extrapolation of the apparent plateau
values (reached at Hs = 0.9) of ∆σ/J plotted vs. L−1.
Dashed straight line in the inset represents the equation
∆σ/J = σ/J + 8σline/L, the value of 8σline is quoted in the
figure. Arrow in the main part indicated the value of Hsc.

Finally, another type of transition with a discon-
tinuous behavior as shown in Fig. 1 occurs for an
elongated pore of square (L×L) cross section, hav-
ing a length L|| À L. Again we apply competing sur-
face fields at the walls (the left upper part of Fig. 1
would be a sketch of the pore cross section). Now
the discontinuous behavior, resulting in a particu-
lar limit (namely L → ∞, L|| → ∞ with L3/L|| =
const [22,23]), is not due to divergent amplitudes (as
in Eqs. (4), (5)) but by a vanishing exponent (β =
0) [22,23]). In this case nontrivial long wave length
fluctuations of the interface occur in the “long” di-
rection. Hence PL(m) at the transition differs from
Eq. (6), Landau-theory does not apply, PL(m) has a
nontrivial (double peaked) shape [22,23]. While the
theory of wedge wetting [24] explains some aspects
of this transition, a full understanding is still lacking.
No sharp transition is possible in the limit L|| →∞
at fixed area of the pore cross section: then only a
rounded transition from a state where the interface
is in the middle of the pore to finite-sized domains
occurs.

Of course, in real systems many complications
must be envisaged: e.g., confined fluids are off-lattice
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systems, they lack the particle–hole symmetry im-
plicit in the lattice gas already in the bulk. Treat-
ing such asymmetric off-lattice systems confined be-
tween walls presents particular challenges. A simple
case will be dealt with in the next section.

3. Critical behavior of confined
colloid-polymer mixtures

The simplest geometry of confinement assumes
two equivalent parallel walls, i.e. a slit pore. This
geometry may lead to “capillary condensation” [5–
8,25]. A slightly undersaturated vapor can condense
in small capillaries [26], but a quantitative experi-
mental test of the theoretical predictions is difficult.
E.g., the critical behavior should be that of the two-
dimensional (2d) Ising model [11], since the correla-
tion length can show unlimited growth only in the
two directions parallel to the walls. However, this
2d critical behavior is visible only in an extremely
narrow region around Tc(D), except if the slit width
D is of the order of a few particle diameters only.
However, ideal and perfectly parallel walls so closely
together are almost impossible to realize experimen-
tally, for systems of small molecules. Here colloidal
systems pose a distinct advantage, since colloidal
particles have sizes in the µm range [27]. Colloid-
polymer mixtures exhibit phase separation between
a phase poor in colloids (“vapor”) and another phase
rich in colloids (“liquid”) [28] in the bulk.

The salient features can be described by the sim-
ple Asakura-Oosawa (AO) model [29]. Colloids are
modeled as hard spheres of diameter σc and poly-
mers as soft spheres of diameter σp. The potential
energy is infinite if two colloids or a colloid and a
polymer overlap, but there is no energy cost when
two polymers overlap. The control parameters are
the colloid volume fraction ηc = πσ3

cNc/(6V ), where
Nc is the number of colloidal particles, and the fu-
gacity zp of the polymers. We use instead of zp the
related “polymer reservoir packing fraction” ηr

p =
πzpσ3

p/6 as a temperature-like variable.
For sufficiently large size ratios q ≡ σp/σc the

AO model exhibits (purely driven by entropy) phase
separation if ηr

p exceeds a critical value ηr
p,cr. Ex-

tensive grand-canonical Monte Carlo simulations in
conjunction with finite size scaling have shown [30]
that this model in the 3d bulk exhibits critical ex-
ponents of the 3d Ising universality class [11,16], as
expected. In this study q = 0.8 was used [30,31].

Fig. 5a) now shows [32] the order parameter ∆,

half the distance between the colloid packing frac-
tion at the “liquid-like” (η+

c ) and “vapor-like” (n−c )
branches of the coexistence curve in the (ηr

p, ηc)
plane (Fig. 5b), for a thin slit, D = 5σc, plotted vs.
ηr
p. The inset shows that ∆ can be obtained for two

decades of t, 10−3 ≤ t ≤ 10−1. The curvature on the
log-log plot shows that the asymptotic 2d behavior
(β = 0.125 [11]) is only reached extremely close
to the critical point. Away from it, the effective
exponent increases (but full 3d critical behavior,
β = 0.326 [16], occurs only for much thicker slit
pores - the confinement is already felt when the
correlation length is about ξ ≈ (D/2)σc = 2.5σc).

We conclude by a discussion of the computational
methods. The “raw data“ are generated by grand-
canonical Monte Carlo (with the colloid fugacity zc

rather than ηc as an independent variable) for sys-
tems in a L×L×D geometry, with periodic bound-
ary conditions in the (x, y) directions parallel to the
walls. The first task is to find that zc for which phase
coexistence occurs, by “measuring” the probability
distribution PL(ηc|ηr

p, zc) of ηc, at “inverse temper-
ature” ηr

p and zc.
Phase coexistence is established by tuning zc such

that PL becomes bimodal (Fig. 6a), with two peaks
of equal area [33,34]. The peak positions then yield
the two branches of the coexistence curve η−c , η+

c in
Fig. 6b).

While ηc in the regime of interest is not too large,
0.1 ≤ ηc ≤ 0.4, the corresponding ηp is much larger
(around ηp ≈ 1). As a consequence, standard grand-
canonical Monte Carlo [19] would be extremely in-
efficient: almost all attempts to insert a colloid in
such a dense system would fail [31]. This difficulty
has been overcome by a newly invented cluster move
[31].

However, when one samples a bimodal distribu-
tion with a huge free energy barrier FL by straight-
forward Monte Carlo, one very rarely would obtain
states near the minimum in Fig. 6a), and very sel-
domly transitions from one peak to the other one are
sampled [35]. To find zc one would need to sample
many such transitions! This difficulty is overcome
by “successive umbrella sampling” [36], a reweigth-
ing strategy designed for an efficient sampling of
phase coexistence. Note, as an additional bonus, for
L large enough one can extract from FL the interfa-
cial tension γL as γL = FL/(2LD) [for L →∞ near
the minimum of kBT ln P in Fig. 6a) the state of the
system is a colloid-rich domain, separated from the
polymer-rich phase by two interfaces of area LD]
[32,35].
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Fig. 5. (a) Order parameter ∆ as function of ηr
p for the

confined AO model with q = 0.8 and D = 5σc, using
hard walls. The main frame shows ∆ in the thermodynamic
limit on linear scales, the curve being a fit of the data to
∆ = B̂eff tβeff , yielding an “effective exponent” βeff = 0.17,
and B̂eff = 0.173, nr

p,cr = 0.9223. The inset shows the same
data as a log-log plot vs. t = ηr

p/ηr
p,cr − 1. Broken straight

lines indicate the slopes of the power laws for 3d and 2d
behavior, β = 326 [16] and β = 0.125 [11]. (b) Coexistence
curves of the AO model in the thermodynamic limit, for a
bulk 3d system and for a system in a slit of thickness D = 5σ
with hard walls. Triangles mark the corresponding critical
points; squares and circles are raw data obtained in the finite
systems (L× L× L or L× L×D, respectively).

Finally, as Fig. 6b) shows for any finite L the two
branches of the coexistence curve do not merge at
the critical point (as they must do in the thermody-
namic limit, L →∞, Fig. 5b), rather they “fan out”
into the one-phase region, ηr

p < ηr
p,cr (this effect is

an analog of the “finite size tails” familiar from the
magnetization of Ising models, cf. e.g. Fig. 2(a)).
So again a finite size scaling analysis is required,
to achieve the extrapolation to the thermodynamic
limit. However, this is more problematic than for
standard critical phenomena [15,16,19]: the aspect
ratio L/D enters as an additional variable [7,14,37].

Fig. 6. (a): Logarithm kBT ln PL of the confined AO model
at phase coexistence, for q = 0.8, D = 5σc L = 15σc, and
4 values of ηr

p, as indicated. For ηr
p distinctly larger than

ηr
p,cr two peaks (representing the phase rich in polymers,

left, and rich in colloids, right) are separated by a large free
energy barrier FL, as indicated for nr

p = 1.0. (b) Coexistence
curves of the confined AO model (D = 5σc) and in the bulk,
extracted from peak positions of distributions as shown in
part a). Open circles show data for the 3d bulk, the black
triangle marks the critical point (ηc = 0.134; ηr

p = 0.766).
The curve denoted as m shows the coexistence diameter
(m = (η+

c + η−c )/2) of the confined system with L = 20σc.
The cross (and horizontal line) highlights ηr

p,cr. Open and

closed squares show η+
c , η−c for the confined system for two

lateral dimensions L (in units of σc).

Analyzing intersections of the “cumulant” U4 =
〈M2〉2/〈M4〉 where M = ηc− 〈ηc〉 as function of ηr

p

for various L one does not find an unique intersec-
tion. Rather these intersections are scattered [32]
(only for L/D → ∞ the unique intersection point
of the 2d Ising universality class will be recovered).
Progress was then obtained [32] by applying a
novel extension [38] of finite size scaling that is not
biased by any assumptions on critical exponents.
This method then has allowed to study the smooth
change of the effective exponent with the distance t
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[insert of Fig. 5a)].
This is not the whole story on confined colloid-

polymer mixtures: interesting aspects also concern
the test [39] of the predictions [5] on the shift of phase
equilibria and critical points with thickness D, etc.

4. Concluding remarks

In this paper, examples have been discussed which
show that the statistical mechanics of a system un-
der nanoscopic confinement poses challenging prob-
lems.

Monte Carlo is the method of choice for such
problems, but studies require both a careful choice
of the algorithm, suitably adapted to the model,
and a state of the art analysis of the simulation
data. A basic strategy is to study how properties
change when linear dimensions of the system are
varied. Powerful finite size scaling “tools” exist to
analyze the “raw data”. Colloid-polymer mixtures
are an example to show that progress results not
just from “brute force”, but from careful improve-
ments of the simulation algorithm (such as “cluster
moves” [31], “successive umbrella sampling” [36],
etc.). Statistical mechanics of condensed matter is
still very rich offering many interesting problems
where such approaches are useful.
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