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Abstract

A numerical scheme is described to compute the reflection, absorption, and transmission coefficients of TE,, ¢ and
plane electromagnetic waves propagating in a nonuniform plasma slab. The numerical solutions are in good agreement
with theoretical solutions for two different kinds of electron density profiles. The solutions for various electron density
profiles will be shown in TE,, o mode. The method has applications to predicting the fields in plasmas where the

density is profile is known, such as in microwave breakdown in a waveguide.

Key words: Electromagnetic waves; Reflection, absorption, and transmission; Plasma; Nonuniform

1. Introduction

As EM waves propagate from one homogeneous
medium to another, they experience a change of the
wave impedance at the interface. The impedance
mismatch generally leads to the reflection, absorp-
tion, and transmission of EM waves. Unlike common
optical media, nonuniform plasma is an inhomoge-
neous and lossy medium. The general expression for
the reflection, absorption, and transmission of EM
waves in a plasma with arbitrary density profile can-
not be expressed in a closed form. Moreover, since
the plasma consists of free charged particles, its state
is significantly influenced by EM waves, which leads
to further effects on EM waves. Thus, to describe
the interaction of charged particles and EM waves
self-consistently, the spatial and temporal informa-
tion of the fields inside a plasma is indispensable.

In this paper, a numerical scheme is described to
compute the reflection, absorption, and transmis-
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sion of plane and TE,, o EM waves propagating in
a plasma slab inside a waveguide. The method will
be obtained for a plasma slab with arbitrary den-
sity profile of the finite thickness in the propagation
(longitudinal) direction, including a nonconducting
neutral gas background. The variation of the pro-
file along the transverse direction will be neglected
compared to the longitudinal variation. Collisions
between charged particles and neutral gas can in-
clude elastic scattering, excitation, ionization, and
charge exchange. It will be assumed that the mag-
netic forces on charged particles are negligible com-
pared with the electric forces; that is, the plasma
is in the classical regime with no external magnetic
fields. The waveguide will be assumed to be perfectly
conducting.

2. Wave Equation

A wave propagating with a time dependence of
e~ 7%t gatisfies the following wave equation:

(V2+Ek5)B=0, (1)
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where k is the wave number, k? = pew?. 1 and €
are the permeability and permittivity, respectively.
When £k is uniform along the transverse direction,
the method of separation of variables can be applied.
Applying boundary conditions on conducting sur-
faces for the rectangular waveguide with the cross
section of L, and L,, B, can be given in the follow-
ing form:

B, = Acos(kyma) cos(ky ny)Z(z) , (2)

where k , = mn/L, and ky, = nn/L,. m and n
are the number of half-waves in the wider and nar-
rower dimensions, respectively. A is the amplitude
of the incident wave. A new function Z(z) should
satisfy the following equation:
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where k2 = k* — 172, and v, , = k3, + k2 .

Consider a waveguide filled with 3 medla along
the direction of propagation: medium 1, medium 2,
and medium 3. In semi-infinite homogeneous lossless
media 1 and 3, k is constant with k; and k3, respec-
tively. Medium 2 with ks(z) is the plasma extending
from z = z; to z = z9. As a generalization of [1] to
the case with multiple species, the wave number in
medium 2 is complex as follows:

w2 (=) 1/2
m@:%MG—ZLWHﬁ%Am> W

where 7 denotes the index of charged species. w), ; =
(niq? /eom;)'/? is the plasma frequency and v, ; is
the momentum transfer frequency with the neutral
gas. The density n; and the collision frequency vy, ;
have the dependence on z coordinate. kyqs is the
wave number in the nonconducting gas in medium
2.

In medium 1, Z; (z) satisfying Eq. (3) consists of
incident and reflected waves as follows:

+k2Z = (3)

Zi(s) = et —Teher ()

where I is the reflection coefficient to be determined
from the boundary condition at the interface be-
tween media 1 and 2. Z3(z) in medium 3 has the
following form:

O ()

where 7 is the transmission coefficient to be deter-
mined from the boundary condition at the interface
between media 2 and 3.

In TE,, o0 mode, 721’0 = ki’m
follows:

and B, is given as

Jw
kw,m

If the amplitude of the electric field of the incident
wave is given as Ey, A = Eoky m/jw. Applying the
boundary conditions at the interface between media
1 and 2 with an assumption of 1 = s, we obtain:

—Te ka2 — 7(7 = 2) (8)

E, (z)=A Z(z)sin (kg mx) . (7)

elkz121

and
oz
=) O

Combining two equations above, the following equa-
tions can be obtained:

jkz71(ejk:z’121 4 ]_"e*jkz,ﬂl) _

0Z

ijz71€jkz,lzl — jk'z,IZ(Z )—|— E( = Zf_)
(10)
and
T = efk=121 {ejkz,lzl —Z(z= zfr)} . (11)

In a same way, applying the boundary conditions
at the interface between media 2 and 3 with an as-
sumption of s = 3, we obtain:

T=Z(z=2z5) (12)
and 5
. A _
Jk. 3T = g(z =2z5). (13)

Combining the two equations above, the following
equation can be obtained:

) _ Y4 _
JkesZ(z=25) = £ (z=12). (14)
In medium 2, Eq. (3) is
0?7, 5
5.2 +k;2Z:=0. (15)
Equation (7) can be expressed in the following form:
Ey(2) = EoZ(2)sin (kgmx) . (16)

This is an alternative definition of Z(z). Although
it has been derived for TE,, o EM waves, we find
that Egs. (10)—(12) and (14)—(15) also hold for plane
waves with E,(z) = EyZ(z) by substituting m = 0
(70,0 = 0 and k? = k2).

The reflectance, transmittance, and absorbance
can be obtained from the reflection and transmission
coefficients as follows: R = |U|%, T = k, 3|7|?/k= 1,
and A=1—-R-T.



3. Finite Difference Equation

Using a centered difference scheme, the finite dif-
ference form of Eq. (15) is

(Z2)7 7+ {=2 4 (K2 ) (A2)*}(Za) + (Zo)
=0, (17)

where j = 1,2, ...,nc—1 and ncis the number of cells
in the uniformly gridded space with a fixed cell size
Az. The numerical solution (Z5)? is third-order ac-
curate. Equations (10) and (14) have the derivative
form at the interface. At z = 2z (=2"), the following
relationship can be obtained from Eq. 3:

oz oz

a—j(z =2 +05Az) — a—;(z =)
z;r+0.5Az

— _k§,2<z = zfr) /+ Zs(z)dz (18)

It can be expressed in the following form:

02 _ 4y (%)~ (2)
0z _0 e L Az
n Mkiz(z =2)Az. (19)

8
In the same way, at z = z9(=2"°),

322 o (Zg)nc _ (Z2)nc71
9z FTR) = A
3(22)nc + (Zg)n671

- 5 ng(z =z )Az. (20)

Using above equations, Eqgs. (10) and (14) can be
expressed in the following form:

Uhende = 14 212 42 = 2)(82))} ()]

1
{1+ gha(e = o) (82} (2)!
= ijz,lAzejkz’lzl (21)

1 — nc—
{1+ gk2a(z = 22)(A2))}(Z2)"
. 3 -
+{jkz 382 = 14 2hZo(2 = 2)(A2)"}(Z)"
=0 (22)
The finite difference equations (17), (21), and (22)
can be written in a tridiagonal matrix and solved
numerically.

4. Results

In Fig. 1, the normalized wave number k, 2/kgqs
in medium 2 in Eq. (4) is shown as a function of
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Fig. 1. Real (r) and imaginary (¢) parts of k. 2/kgas as a
function of the electron density in a rectangular waveguide
without any background gas and with argon gas of 1 atm.
w/2m = 2.85 GHz and vYm, n/kgas = 0.73.

the electron density. When there exist only electrons
without any background gas, the EM wave is totally
reflected at 2z = z; if the wave frequency (w) is equal
to or less than the cutoff frequency wp.. On the
other hand, when there is a background gas colliding
with electrons, the wave attenuates in medium 2.
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Fig. 2. Reflectance (R), transmittance (T), and absorbance
(A) as a function of the uniform electron density under argon
gas of 1 atm in a rectangular waveguide. w/2m7 = 2.85 GHz,
zg—z1 = 100 pm, k1 = kgas = k3 = w/c, and 'yfmo =1.9-103

m~2.

To validate the numerical solution of the wave
equation, results have been compared with theo-
retical results under two different kinds of electron
density profiles. The first is the case of a TE,, o wave
propagating in a uniform density electron plasma.
The reflectance, transmittance, and absorbance of
TE,,,0 mode have been analytically derived. As
shown in Fig. 2, the numerical solution compares
well with analytic solution. The second is the case
of a plane wave incident on a linear ramp of elec-
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Fig. 3. Magnitudes of reflection and transmission coefficients
for a plane wave as a function of the ramp width zo — 23.
k1= k2,gas = k3,gas = ’LU/C.

tron density. In this case, medium 3 is filled with
uniform density electrons with a background gas.
The magnitudes of the reflected and transmitted
coefficients were obtained as a function of the ramp
width for different values of k3/k1. Our result in
Fig. 3 is in good agreement with that of Ref. [2].

In Fig. 4, the reflectance, transmittance, and elec-
tric field profile are shown for a TE,, o wave for elec-
trons with the density profile of uniform, triangu-
lar, parabolic, and exponential shapes, keeping the
spatially averaged electron density constant. The
results clearly depend on the spatial profile of the
plasma.

5. Summary

The reflection, absorption, and transmission of
TE,, o and plane EM waves propagating in a nonuni-
form plasma slab have been analyzed using a nu-
merical scheme. Our numerical solutions show good
agreement with theoretical solutions for two differ-
ent kinds of electron density profiles: uniform den-
sity in TE,, o mode and linear ramp density for a
plane wave. The dependence of solutions on the elec-
tron density profile has been shown in TE,, o mode.
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Fig. 4. (a) Reflectance, (b) transmittance, and (c) electric
field distribution (at kz,mx = 7/2 and with zo —2z1 = 0.1 m)
for TEp,,0 wave under argon gas of 1 atm in a rectangular
waveguide. w/2m = 2.85 GHz, k1 = kgas = k3 = w/c,
Vo0 = 1.9-10° m™2, and ne,qve = 7.9 - 10" m~3.
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