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Abstract

We summarize the principles underlying the conquest code for �rst-principles modelling of systemscontaining many
thousands of atoms. Very recent technical developments implemented in the code are outlined. We give illustrations
of physical systems currently being studied with the code, ranging from biologically important molecules to Ge hut
clusters on Si (001). Our studies of hut clusters require structural relaxation of systems of over 20,000 atoms using
electronically self-consistent density-functional theory.
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1. In tro duction

For many years,density functional theory (DFT)
hasformedthe basisfor almost all modelling of large
complexsystemscontaining many atoms (1). There
are now many standard codesusedby hundreds of
research groups worldwide to study a vast range
of scienti�c problems in surfacephysics and chem-
istry, matter under extremeconditions, nanoscience,
biomaterials and the earth sciences,to name only
a few important areas.But it was recognisedlong
ago(2; 3) that standardDFT algorithms scalerather
poorly with the number of atoms N , the scaling of
computer e�ort being at best O(N 2), deteriorating
to O(N 3) for very large N . This is why it is still
challenging to apply these methods to systemsof
more than � 1000 atoms, which falls far short of
what is neededfor somescienti�c problems. How-
ever, Kohn's near-sightednessprinciple (4) tells us
that it should be possible to do much better than
this, and that O(N ) (often called linear scaling)per-
formance should be achievable. Serious e�orts to
develop practical O(N ) methods for DFT go back
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about 15 years(2; 3; 5; 6; 7; 8; 9; 10; 11) (for a re-
view of early work, seeRef. (12)). The feasibility of
O(N ) scalingwasshown 10yearsagoin demonstra-
tion DFT calculationswith our conquest code(13)
on systemsof several thousand atoms. With feasi-
bilit y no longer in doubt, the last few years have
seenthe emergenceof several generalpurposeO(N )
DFT codes, which are now e�cien t enough to ap-
ply to real scienti�c problems (11; 14; 15; 16; 17).
After recalling brie
y the principles underlying the
conquest code (14), we outline somevery recent
technical developments in the code,andweillustrate
someof the scienti�c problems that it is being used
to study.

With DFT, the near-sightednessprinciple is ex-
pressedby the locality of the Kohn-Sham density
matrix � (r ; r 0), meaning that � (r ; r 0) ! 0 as jr �
r 0j ! 1 . But the variational principle of DFT can
be formulated in terms of the density matrix: the
DFT ground state is obtained by minimizing the to-
tal energy E tot with respect to � (r ; r 0), subject to
the `weakidempotency' condition that the eigenval-
uesof � should all lie between0 and 1. Linear scal-
ing is then obtained by minimizing E tot with respect
to � , subject to the constraint that � (r ; r 0) = 0 for
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jr � r 0j > r c, where r c is a chosencut-o� distance.
Theseideasareimplemented in conquest , with the
additional constraint that � (r ; r 0) be`separable'(the
number of its non-zeroeigenvaluesis �nite), sothat:

� (r ; r 0) =
X

i�;j �

� i� (r )K i�;j � � j � (r 0) : (1)

The functions � i� (r ), referred to as `support func-
tions', are chosento be non-zeroonly within spheri-
cal regionsof radius Rreg centred on the atoms (� i�

is the � th support function on atom i ). We impose
the constraint of weakidempotencyof � by the `aux-
iliary density matrix' (ADM) technique (18). In this
technique, K is expressedasK = 3LSL � 2LSLSL ,
where L is the ADM, and S is the overlap matrix
of support functions: Si�;j � = h� i� j� j � i . To obtain
O(N ) operation, a spatial cut-o� RL is imposedso
that L i�;j � = 0 for pairs of atoms whoseseparation
exceedsRL .

An important feature of conquest is that it can
be run in several ways. For very accurate calcula-
tions, the total energy should be minimized with
respect to free variation of the support functions
� i� (r ), and we achieve this by representing the � i�

in terms of a basisset of cubic splines.However, for
more rapid calculations, where lower accuracy suf-
�ces, the � i� can be represented in terms of a �xed
basis set of atomic-like orbitals. For even greater
speed, electronic self-consistencycan be dispensed
with by using the Harris-Foulkesapproximation to
the DFT total energy(19; 20). The number of sup-
port functions � i� is generally chosento be di�er-
ent on di�eren t speciesof atoms. For example,if we
model a biomolecule,it sensibleto choosethe num-
ber of support functions to be equal to four on �rst-
row elements such as C, O or N, but to be equal
to oneon H. Conquest providesfor this 
exibilit y.
In all cases,we can chooseeither to use the LNV
O(N ) procedure,or alternativ ely to diagonalisethe
Hamiltonian in the basisof � i� . With diagonalisa-
tion, werevert to O(N 3) scaling,but this may still be
more e�cien t for systemsof a few hundred atoms or
less.Whatever level of precisionis chosen,the forces
on the atoms are calculated analytically as the ex-
act derivative of the total energy, so that structural
relaxation and molecular dynamics can readily be
performed. E�cien t parallelization of the code has
beenimplemented, following the principles summa-
rized in Refs.(13; 14; 21), and the practical parallel
scaling has beenshown to be excellent on a variety
of platforms. An important issuein achieving good

parallel e�ciency is the grouping of atoms in com-
pact \bundles" and the of integration-grid points in
compact \domains".

2. Recen t technical progress

Although the O(N ) capabilities of conquest
were well establishedsometime ago, the range of
systemsto which it could be applied wasrather lim-
ited. Our intention now is to releasethe code under
a GNU GeneralPublic Licenseduring 2007,and to
this endwehaveenhancedits functionalit y and ease
of use. We have now standardized the pseudopo-
tentials used in the code on the Troullier-Martins
form (23). The reasonfor this choice is that these
pseudpotentials are used in a number of plane-
wave/pseudopotential codes, such as abinit (24).
This makesit rather convenient to cross-check con-
quest results against standard plane-wave calcula-
tions. If one choosesto usePAO basissets in con-
quest , it is necessaryto generatethe PAO's using
the standard pseudopotentials. The code for doing
this hasbeenadapted from the pla to code (25; 26)

Any practical DFT code needsto be able to use
a range of available exchange-correlation function-
als. To make this possible,we have recently imple-
mented the PBE form of generalized-gradient ap-
proximation (GGA) (27), with PW92 parameteri-
zation (28) for the local part. The gradient calcu-
lations are done following the schemeof White and
Bird (29), which is formally exact on a grid, and in-
volves the computational of only four Fast Fourier
Transforms (FFT's). The linearit y of the scheme
preservesO(N ) operation. In order to keepthe abil-
it y of the code to perform structural relaxation with
non-self-consistent Harris-Foulkescalculations, the
original computation of forces had to be adapted
to the newly implemented GGA functional. As we
will report elsewhere(30), we are able to maintain
the condition that the forcesare exact derivativesof
the total energy, and the number of FFT's remains
equal to four.

We mentioned above that the division of atoms
and grid points into compact groups is important
in achieving good parallel e�ciency . The way this
wasdonein early versionsof the code is described in
Ref. (13). However, thosemethods turned out to be
ine�cien t for problemsin which a signi�can t part of
the systemconsistsof empty space{ a commonsitu-
ation when dealing with surfaceproblems.We have
now beenable to develop more sophisticatedproce-
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dures,which signi�can tly improve the e�ciency .
In applications of nano-devices,a crucial physi-

cal e�ect is often the transport of electrons,and the
exchangeof energybetweenthe ionic and electronic
sub-systems.Theseare e�ects that are not included
in conventional �rst-principles molecular dynamics
(m.d.) techniques,which explicitly or implicitly en-
force the Born-Oppenheimer approximation, that
the electronic sub-systemadiabatically follows the
motion of the ions. Recently , an important exten-
sion of m.d. has beendeveloped, known as \corre-
lated electron-ion dynamics" (CEID) (31), in which
the quantum spread of the ions is included via a
small-amplitude moment expansion.With CEID, it
is possibleto make direct numerical simulations of,
for example, inelastic current-voltage spectroscopy
in atomic wires. An ambition for the future is to im-
plement CEID within the conquest code, and we
are currently formulating the strategies neededto
do this.

3. Scienti�c applications

In the immediate future, we expect the most im-
portant applications of conquest to be in the area
of biomolecular systems and nano-systems(there
are, of course,closelinks betweenthe two typesof
systems).In all cases,it is clearly essential to build
up experience with O(N ) methods, starting with
relatively small systems,where we can cross-check
againstthe resultsof morestandard codes.For nano-
systems,we started this learning processwith sim-
ple tests on semiconductorsurfaces,as reported re-
cently (22), and wearenow making exploratory cal-
culations on much larger andmorecomplexsystems.
For biomolecules,wearestill at the stageof testson
systemsof a few hundred atoms.

In preparation for large-scale calculations on
DNA systems,wea currently making extensivetests
with conquest on single DNA basesand on DNA
base pairs, and comparing with results obtained
with other codes,including siest a, vasp and gaus-
sian . As expected, we �nd excellent agreement for
the equilibrium bond lengths of covalently bonded
atoms. Results of these tests will be published in
the near future (33)

Wearealsoperforming testson the important en-
zymedihydrofolate reductase(DHFR), whosefunc-
tion in living organismsis to catalyze the reduction
of dihydrofolate to produce tetrahydrofolate. The
latter is an important molecule in metabolism. In

particular, it is an essential cofactor in one-carbon
transfer reactions.As a consequence,DHFR, which
is the only enzymethat synthesizesit, has receive
much attention, for example as a target for anti-
malarial drugs. Although the speci�c substrate for
DHFR is dihydrofolate (DHF), in somespeciesthe
enzyme also catalyzes, very ine�cien tly and less
speci�cally , the reduction of folate, a precursor of
DHF.

The reasonswhy DHFR is speci�c for DHF re-
main unclear. LDA DFT calculations of the active
site suggestedthat enzyme-inducedpolarization of
the substrates may be a causefor the preference,
at least in the Escherichia coli enzyme.Indeed, one
study (34) found large electron density di�erences
(EDD) betweenthe density of DHF when bound to
the enzymewith respect to that in vacuum. How-
ever, results from MP2 calculations, although quali-
tativ ely supportiv e for a role of polarization, are less
conclusive (35; 36).

All existing studiesuseda point-chargemodel for
the bulk protein, restricting the quantum mechani-
cal (QM) calculations to a few atoms at the active
site. Hence, the quantitativ e discrepancesbetween
di�eren t studiesmay bedueto that limitation of the
models, rather than to the di�eren t QM methods
employed. SinceDHFR is a relatively small protein
(159 amino acids in Escherichia coli, or about 3000
atoms), wedecidedto assesssuch posibilit y by using
Conquest to perform LDA DFT calculations in ex-
tended models of the active site, with the ultimate
goal of including the whole of the protein. Thus, we
did not model bulk protein in any way, sinceits ef-
fect was expected to becomeobvious as the sizeof
the model increased.

Our preliminary resultson portions of the protein
of up to 300 atoms show that indeed larger models
are quantitativ ely closerto MP2 results than to the
original LDA calculations. We found larger polar-
ization on DHF than on folate, and only DHF dis-
played polarization on the bond susceptibleof hy-
drogenation,consistent with the observedspeci�cit y
(seeFig. 1). Furthermore, calculations on di�eren t
conformations of the protein agreewith experimen-
tal evidenceregarding the mechanism. In particu-
lar, the presenceof someamino acidsof the so-called
Met20 loop seemsto beessential for catalysis,asrep-
resented by polarization on the hydrogenablebond
of the substrate. Moreover, those amino acidsmust
be occluding the active site for polarization to be
observed, as expected in the proposedmechanism
(37).
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Fig. 1. Electronic density di�erence plot for dihydrofolate
(DHF) upon binding to the enzyme dihydrofolate reductase
(� 0:001 electron/b ohr). Charge de�ciency (respect to the
density of DHF in vacuum) is shown in blue; charge excessis
red. The enzyme induces polarization on N5 and C6 atoms
(mark ed with arrows), and electronic density withdra wal
from the bond linking them. These e�ects are consistent
with the catalyzed reaction, namely, protonation of N and
hydride transfer to the bond, and are much weaker for the
very ine�cien t reduction of folate, a secondary substrate
(not shown).

Turning now to the application of conquest to
nano-systems,we summariseour recent progressin
investigating the three-dimensional(3D) structures
formedwhenGeis depositedon the Si (001) surface.
The Ge/Si (001) has been extensively studied, be-
causeit is a protot ypical exampleof hetero-epitaxial
Stranski-Krastanov growth. When Geatomsarede-
posited on Si (001), growth initially occurs layer by
layer, up to a critical thicknessof about three mono-
layers (ML). Strain due to the lattice mismatch is
relievedby the formation of regularly spacedrowsof
dimer vacanciesin the two-dimensional(2D) struc-
ture, resulting in the 2 � N structure. Deposition
of further Ge leads to another strain-relief struc-
ture, 3D pyramid-lik estructures known as\h ut clus-
ters" (38). Recently , we have studied this transition
from 2D to 3D structures, using conquest .

Usually, the stabilit y of 3D structures is governed
by (i) the lowering of strain energy in the clusters
and the underlying substrate, and (ii) the energy
increasearising from the formation of facets.Theo-
retical approachesusedso far have usedcontinuum
elasticity theory to describedthe strain energy, with
DFT being used only for the surfaceenergies(39;
40). For the Ge/Si system,the four facetsof the hut
cluster arewell establishedto bef 105gsurfaces,and
the structure of thesesurfaceshasrecently beenclar-
i�ed by DFT calculations(41; 42). Note that the typ-

ical side-length of hut clusters is about 150 �A, and
deposition of additional Ge leadsto the formation of
other 3D structures called \domes", having steeper
facets. Interestingly and importantly , the DFT cal-
culations show that the strained Ge (105) surface
is more stable han strained Ge (001). This means
that the surface energy may actually stabilise the
structure. If the surfacecontribution to the overall
energyis small, contributions from the edgeswhere
the facetsmeeteach other and the wetting layermay
alsoa�ect the stabilit y of the 3D structure. In addi-
tion, as the areaof the facetsof the experimentally
observed Ge hut cluster is not large, the evaluation
of the surfacepart itself is doubtful. For theserea-
sons,the validit y of previous theoretical approaches
is uncertain, especially for small hut clusters. To
overcomethese problems, we are using conquest
to model the entire hut cluster, together with the
wetting layer and the Si substrate.

In preparation for conquest calculations on the
full system,we �rst performedDFT calculations on
the Ge(105) surface,including test calculationsalso
on the unstrained and strained Ge bulk. Since the
size of this system is relatively small, we can em-
ploy diagonalisation in this case.We have clari�ed
the accuracyof the various DFT methods explained
above for the unstrained and strained Ge systems.
We have also con�rmed that full DFT calculations
performed with conquest using cubic-spline basis
setsareaccurateenoughfor the study of the strained
Ge (105) surface.The conditions needfor O(N ) cal-
culations to achieve good accuracy for this system
have also beenestablished.

Using these results, we have performed O(N )
DFT calculations on the entire Ge/Si (001) hut
clusters. At the non-self-consistent level, we have
performed structual optimisation on systemsof dif-
ferent sizes.The largestsystemtreated sofar, shown
in Fig. 2, contains � 23000 atoms, and we found
that structure optimisation is robust even for such
large systems.We have examined three structural
models of the Ge hut cluster having di�eren t facet
or edgestructures, and we have comparedtheir en-
ergieswith thoseof the 2 � N reconstructions with
N = 4, 6 and 8. The results, to be reported in detail
elsewhere(43; 44), show that the 2D structure is
more stable for small coveragesof Ge atoms, but
the 3D hut structure becomesmore stable when the
coverageexceeds2.6 monolayers,in agreement with
experimental observation.
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Fig. 2. Atomic geometry of largest Ge/Si (001) hut cluster
used for structural relaxation with conquest DFT calcula-
tions. Upp er and lower panels shows plan and side views,
respectively. Pink and green spheres represent Si and Ge
atoms. Dimensions of periodically repeated cell in surface
plane and normal to surface are mark ed.

4. Summary

The basic principles underlying contemporary
O(N ) DFT were established over 10 years ago.
However, the realisation of theseprinciples in prac-
tical codes has required the solution of a large
number of technical problemsconcerningbasissets,
the enforcement of linear scaling in the calculation
of the ground-state density matrix, etc. Some of
these problems admit of more than one solution,
and the codesthat have appearedso far, including
conquest (14), siest a (15), onetep (16), and
open-mx (17), di�er in important ways. We have
tried to show here how the conquest code has
now passedbeyond the stage of feasibility studies,
and can now be applied to real scienti�c problems
concerning biomolecular and nano-scale systems.

Comparisonswith the results of standard codesfor
relatively small systems of a few hundred atoms
are demonstrating the reliabilit y of the methods.
At the same time, it is clear that structural re-
laxation at di�eren t levels of precision, using both
self-consistent and non-self-consistent calculations,
is becoming a practical proposition for systems
containing more than 20,000atoms.
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