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Abstract

We incorporate an attractive interaction in two dimensional optimal velocity model and investigate the stability of
homogeneous flow. There exists a new type of instability and a new phase appears. We also show the behavior of the
flow in each phase by numerical simulations.
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1. Introduction

Traffic flow, pedestrian flow and some related sys-
tems present interesting phenomena and have been
studied from the physical viewpoint. Recently we
proposed a two dimensional optimal velocity (OV)
model for pedestrian flow[1]. In this model, pedestri-
ans are considered to be identical particles that have
only repulsive interaction with other particles. By
the linear analysis and numerical simulations, the
stability condition of homogeneous flow is obtained
and the phase structure is clarifed.

In this paper, we consider a model which has both
repulsive and attractive interaction among particles
generally. This modification does not change the
form of the model. Therefore we can investigate the
stability of homogeneous flow in the same way as
Ref.[1], and can understand the property of the flow
in a unified framework.
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The two-dimensional OV model is expressed by
the equation of motion

d2

dt2
~xj(t) = a

[{
~V0 +

∑

k

~F (~rkj(t))
}
− d

dt
~xj(t)

]
,(1)

~F (~rkj) = f(rkj)(1 + cos θ) ~nkj , (2)

f(rkj) = α[tanh β(rkj − b) + c ], (3)

where ~xj = (xj , yj) is the position of the jth particle,
and ~rkj = ~xk−~xj , rkj = |~rkj |, cos θ = (xk−xj)/rkj ,
~nkj = ~rkj/rkj . a is “sensitivity”, which represents
the strength of reaction of each particle. For simplic-
ity, particles are supposed to move in the positive
direction of the x-axis, and ~V0 = (V0, 0) is a con-
stant vector which expresses the desired velocity. ~F
expresses the interaction between particles.

The parameter c is varied in the range −1 ≤ c ≤
1. c = −1 means that the interaction is repulsive ,
and c = 1 means that the interaction is attractive.
In other value, the interaction is attractive at large
distance and is repulsive at short distance. In nu-
merical simulations and in the estimation of explicit
values, we set α = 1/4, β = 2.5, and b = 1.
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Fig. 1. Phase diagram for c = 0 and typical patterns of the flow. Solid and dashed lines represent the critical curves for
the logitudinal and transverse modes along x-axis, respectively. Dotted lines (r = 0.47, 0.73, 0.78) are the critical lines for
longitudinal and transverse modes in other directions. Dashed dotted line (r = 1.39) represents the critical line for elliptically
polarized modes. Snapshots A, B, C and D represent breaking patterns of the flow in each phases.

2. Results

In the linear analysis, we consider three types
of mode solutions, logitudinal modes, transverse
modes and elliptically polarized modes, and find
the stability conditions for these modes[2]. The
properies of first two types of modes are the same as
those in Ref.[1]. The instability due to the last mode
solutions is the origin of a new phase, which appears
only in the model with attractive interaction.

Figure 1 shows the results in the case of c = 0,
where the interaction is attractive for large mean
distance r > 1 and is repulsive for r < 1. In the re-
gion indicated by A, the homogeneous flow is stable.
In the three regions, B (very narrow area), C and
D, transverse modes along x-axis, elliptically po-
larized modes and longitudinal modes along x-axis
are unstable, respectively. In numerical simulations,
we can easily distinguish the behaviors in the three
phases. The typical patterns are also shown in Fig.1.
In other regions several modes become unstable si-
multaneously, and the borders among those phases
can not be identified clearly by numerical simula-
tions.

3. Summary

The attractive interaction considerably changes
the phase structure. In the model which have repul-
sive interaction only, there is no unstable region due

to the elliptically polarized mode. The instability of
this mode narrows the stable region around the neu-
tral position, that is, f(r) = 0, where no forces act on
particles. In the case c = 0 the stability of elliptically
polarized modes requires 0.73 < r < 1.39. Pedestri-
ans resemble particles binded by springs. However
such an analogy is not always valid. In the case c =
1, the neutral position is r = 0 because of f(0) = 0,
but the stability condition is 0.42 < r < 1.12.

We find that the sparse homogeneous flow is not
stable if the attractive interaction exists. Though
the final state of the flow depends on the detail of
the model, roughly speaking, particles make stable
groups and there is almost no interaction among
groups. The group formation of organisms may be
explained by this mechanism.
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